Lesson 6;: Mathematical Models

of Fluid Flow Components
ET 438a
Automatic Control Systems Technology

Learning Objectives

After this presentation you will be able to:

Define the characteristics of a fluid flow system
Identify if a fluid flow is Laminar or Turbulent based
on fluid and system parameters.

> Write mathematical models for fluid characteristics.
Develop an analogy between electrical
characteristic and fluid system characteristics.

> Solve for steady-state fluid flow using given
mathematical modeling equations.
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Liquid Flow Characteristics

Volume of liquid/unit time Current
(e.g. gallons/minute) (Coulombs/s)

force/unit area Potential

Pressure (e-g. Ib/in?) Difference

Flow Pressure drop/unit flow Electrical
p
Resistance (e.g. Ib/in*/gal) Resistance

Note: Flow resistance is either linear or non-linear. It depends on type of
fluid flow, which is based on the fluid and piping parameters.

Fluid Flow Classifications

Types of liquid flow

Laminar Flow - low velocity flows. Stream lines are
parallel. Liquid flows in layers. Linear flow resistance.
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Fluid Flow Classifications

Types of liquid flow

Turbulent - relatively high velocity flow. Liquid swirls
and spins as it flows. Non-linear flow resistance.

c
~C

Flow type determined by the Reynold's Number

Determining Flow Types

Reynold's Number
p-v-d
u

R:

Where p = density of the fluid (kg/m?3)
v = average velocity of the fluid (m/s)
d = diameter of pipe (m)
| = absolute viscosity of fluid (Pa-s)

Note: Reynold's number is dimensionless

Laminar flow : R<2000
Turbulent flow: R>4000
Transition flow: 2000< R< 4000
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Determining Flow Types

Computing average velocity
Velocity profile changes across the
cross section of pipes and ducts

Laminar Flow

—
v el S Q
—> A
Since pipe diameter is usually given

_4Q

=0 v
n-d?

Velocity distribution

Where: A = area of pipe (m?)
Q = flow (m3/s)
d = pipe diameter (m)

Laminar Flow Equations

Laminar Flow Equations for Round Pipes

P=R,-Q (Pa)
128-p1-1
T

Where: p = pressure drop (Pascals)
R, = laminar flow resistance
Q = flow (m?/s)
| = length of pipe (m)
m = absolute viscosity (Pa-s)
d = pipe diameter (m)
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Turbulent Flow Equations

Turbulent Flow Equations for Round Pipes

P=K, Q? (Pa)
p-f-l
- o’

R, =2-K-Q

(Pa-s/m®)

Where: f= friction factor (see table 3.3 p. 81 text)
[ = length (m)
d = pipe diameter (m)
p = density of liquid (kg/m3)
R, = turbulent flow resistance (Pa-s/m?)
p = pressure (Pa)
Q = flow (m3/s)

Laminar Flow Example

Example 6-1: Oil at a temperature of 15 C flows in a horizontal,
| cm diameter tube with a flow rate of 9.42 L/min. Tube length is
10 m. Find: Reynold's number, flow resistance, pressure drop in
tube.

. N . -3 L =]
Convert all units into Sl units 27 (€™ =02im

7 -5 3fgy
All conversion Q=9 ’4“‘":“" ("'G“TX“’S Ls/L/""”)
factors are in Q= 1.87x10 mifs
the textbook Average - )
i AW qstxcimily
appendix velocity V7 qrd? © ,(ﬁ,f_f-‘) =10mfs

1 (a,o 1my*
From Appendix A in textbook p=880 kg/m3 p=0.160 Pa-s

Compute Fud (8Kl . v.aln) [ :
Reynold’s g= rﬂv\ - _J?—};i_—ﬁzigg o) :Eo:),"js'

number
R<2000 so flow in Laminar. Linear relationship between flow and pressure drop.
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Laminar Flow Solution (2)

Compute Laminar flow resistance

(28 u |
IQL: WJQ
. IZ,Q(oAILuPo-S) lom)
T (0.01)?

Q= ¢.518X 1o? Re-s fmd

L

Compute pressure drop

P QLQ
(o501 s o)1 S205™ )

{_‘il‘imx 10¢ Pa

Convert to psi P = G P‘“)("qsk“’ foc) = [198.4 ps

Turbulent Flow Example

Example 6-2: Water at |5 C flows through a commercial steel pipe
with a diameter of 0.4 inch with a flow rate of 6 gal/min. The line is 50
ft long. Find: Reynold's number, flow resistance, pressure drop in pipe.

From Appendix A Density p=1000 kg/m3 Viscosity u=0.001 Pa-s
Convert all English units to S| units
cl,f(O.‘l inj (o.ozsq M{In“ = 0.0101k

Q+(e 3atrm}n\ (C.BOS’E’I:GS“Z{S{?M - 3. 753 5 mis
L=(504t| (0-3048 m &) = 1S 24 m

Find the average velocity

o__ 488Xy
A (37 i V=4.669 ms

Ve Trd? ‘Tr(o_omgmsl
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Turbulent Flow Solution (2)

Compute the Reynold’s number

pe S3 - wwﬁlmww
VS

03] Perd

R= 47,44 R > 4000

R> 2000 so the flow is turbulent. Use the turbulent equations

Turbulent equations require friction factors from Table 3-3 on page 81 of textbook

Pk Qz Find f values from Table 3-3. Get values that bracket the
t Computed value.
: 7 K’cQ

ke Bt
TS R between R_>10,000 R,<100,000
f between f,=0.035 f,=0.028

For commercial steel pipe: diameter -2 cm

Turbulent Flow Solution (3)

Friction factor, f, must be between f, and f;

47,9490 - 10000
-§: Q.035+ (0.07_3 - 0‘333-3 {_,_,____.. I

(00,002~ 40,00
~F: 0.03¢+ —0.3542(3744)
9

£-0.03209

Now find K.

ﬂ[ ) Q(I@'ﬂkilw&)(o‘mgaq) JS.ZQr.\)
£ reds 72 (0.01006m)s
Ky 34614310 PurS | md
Find R, Re 2KQ
Ry 2 (3-4614x10% Rurs ) (3-7653 10 )
Qt Zox e fa- -5 |3
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Turbulent Flow Solution (4)

Convert R, to English units

Re@ 7118 Pas|3)(9. 198xis?) 2[25.357 psi[gom]
£ _

+remn

Append ix
Compute pressure drop
Z
P* K )
P=R.ciaxie P&'S,IMQJQ&?RSEX 0t rvﬁ/s)
P:- s-24c¢x 16° Po

Convert P to English units

P 3(5.146x103 P 950 Ps./pa,)
| P=7C07 psy

Liquid Flow Capacitance

Liquid Flow Capacitance - increase in volume of liquid required to

produce unit increase in pressure

_av

LAP

Where: C, = capacitance (m3/Pa)
AV = volume change (m?)
Ap = pressure change (Pa)

Derive relationship for C,.

Pressure relationship AP =p-g-AH

Where: p = density of fluid
g = acceleration due to gravity
H = height of liquid in tank
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Liquid Flow Capacitance Derivation

Find liquid flow capacitance in terms of tank parameters.

AP =p-g-AH

A AV
A

s

L :ﬂ:L:i (m3/Pa)
P g (W) s
A

A
C. :ﬁ (m*/Pa) Final Equation

Fluid Capacitance Examples

Example 6-3: A tank has a diameter of .83 meters and a height
of 10 ft. Determine the capacitance of the tank when it holds: a.)

water b.) oil c.) kerosene d.) gasoline

A PR gy (KB
a.} C* ¢4 S 4 ¢
A=, 63 mE
o BBRNE
e a0 K [m3 CL: 1900 K| 3 9 RIm s
C,* 2.C8x15% mijpg
b 2.6 m?

C B0k, In3)(a.21 )

C.s 3.05x15° m3/pq
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Fluid Capacitance Examples

Parts c.and d.
&) f:@oulij{,\# 2.3 m%
L (8o kg (m?) (FR1Iml<)

‘CL:3A3§x154"@/R%

Cl.)r:7404‘</m3 Z:63 ke = ¢
J ((74()'%1'"3) (.80 0] <)

3.6zx1d md[Rgs Cf

Note: As density of fluid decreases, the volume of liquid required to
produce a unit increase in pressure increases.

Fluid Inertance

Amount of pressure drop required to increase flow rate by one
unit/second. Analogy-electrical inductance.

L P
- AQ
At

Where |, = inertance (Pa/(m3/s?)
p = pressure drop (Pa)
AQ/At = change in flow

Inertance defined using physical parameters of pipe.

p-l
A
Where: A = area of pipe (m?)

p = density of liquid (Kg/m?)
| = length of pipe (m)
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Dead-Time Delay

Dead-time Delay of Liquid - time required to transport liquid from
one point to another in piping system or ducts.

D
t,=—
¢ \"

v = average velocity of fluid (m/s)
D = distance traveled (m)

Example 6-4: Determine the inertance of water in a pipe with a
diameter of 2.1 cm and a length of 65 meters.

2
,f,L A= E@E—Zﬂ-: 3-45;)(“-4”'\?‘

delom: 0.22lm IL: A
= oo Kyl m? . RALL-TCL)
ﬁ—”A L 34eiatmt

=65 m RAs 4— 5
1= 1.88x1s Pq[m3i52
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END LESSON 6:
MATHEMATICAL MODELS
OF FLUID FLOW
COMPONENTS
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